A classical stochastic formalism is presented and applied to the case of two linearly coupled harmonic oscillators. It is shown that phenomena such as state-swap, quadrature squeezing, entanglement and violation of entanglement inequalities naturally occur in a stochastic framework, as a consequence of the interaction. Based on these results, it is discussed how these effects arise in fully classical systems, such as cholesteric liquid crystals in the presence of a magnetic field.
The question regarding the quantum nature of physical phenomena is often incorrectly deemed as a linguistic issue. As theories cannot be directly derived from experiments, a theoretical framework is considered as a suitable language as long as it makes accurate predictions. Since theoretical interpretations of a physical effect are never unique, what differentiates a semantic quarrel from a relevant physical problem when classifying potentially quantum effects is the consequences of such classification. If certain phenomena are not inherently quantum, they might be observed for a wider range of systems and situations outside the quantum regime. Traditionally, phenomena such as squeezing, entanglement and statetransfer have been considered to be intrinsically quantum effects, and with their observation in increasingly larger and heavier systems [1] [2] [3] [4] [5] , it is of uttermost importance to understand the nature and necessary conditions for these effects to occur at the macroscopic scale.
Quantum mechanics features inherent uncertainties which limit precision measurements. This led to strategies for manipulating noise and reduce the imprecision beyond the standard quantum limit. For position measurements, the position uncertainty can be reduced below zero-point motion by transferring part of the uncertainty to the momentum. This uncertainty trade between conjugate variables is what constitutes squeezing, and it has been considered as a truly quantum [6] and nonclassical effect [5, 7, 8] .
An alternative to creating a quantum state for a macroscopic object is to swap its state with the state of another quantum element. State-swap between microwaves and a mechanical resonator has already been achieved for Gaussian states [4] , and it has entered the list of quantum effects [9] .
Entanglement is a crown jewel of quantum mechanics and it has already been observed in systems with µm-sized mechanical elements [3] . Though it refers only to the property that the measurement of one system determines the state of a second system, the lack of precedents in classical theories has lead entanglement to be deemed as a peculiarity of the quantum world [10] . But what makes any of these effects quantum? How to distinguish if an effect is quantum or not?
Distinguish general classical properties from genuine quantum ones is an ongoing topic of interest, not only in quantum information [11] , but also in fundamental physics. Entanglement was found to occur in classical systems, such as particles undergoing Brownian motion [12] , and entanglement properties of Gaussian quantum mechanics were also proven to exist in a classical probabilistic framework [13] . However, the quantum-classical frontier is still a blurry line, as some quantum-classical comparisons assume that the classical limit can be obtained when dissipation prevails [14] or with strictly diagonal density matrices [15] , which does not lead to a universally consistent procedure [25] . To thoroughly distill genuine quantum features, one must analyse the phenomena at hand by starting from a classical framework.
In this manuscript, a classical stochastic framework is developed to enable the comparison between classical and quantum phenomena. By considering the case of two linearly coupled harmonic oscillators, it is shown that squeezing, entanglement, and state-swap naturally occur in (stochastic) classical systems. Besides a simple and instructive paradigm, linearly coupled harmonic oscillators also provide a practical analysis, since coupled resonators constitute the backbone of many current devices probing quantum mechanics at a macroscopic scale [1] [2] [3] [4] . With the formalism developed, it is predicted that the effects mentioned above can also be observed in other classical systems, such as cholesteric liquid crystals in the presence of a magnetic field.
Derivation of the framework; Whenever the value of any pair of conjugate degrees of freedom of a system are not precisely known, and one wishes to make (statistical) predictions about the properties and behaviour of that system, the classical dynamics must be extended to include the use of probability distributions. This is accomplished by dressing the phase space with a probability distribution P and assigning random variables to the classical degrees of freedom. There are two possible descriptions: the random variables evolve in time just like the classical degrees of freedom would, and expected values are computed given the initial probability distribution of the random variable; or the probability distribution evolves in time while the random variables remain static. These two possible descriptions are respectively the classical analog of the Heisenberg and Schrödinger pictures in quantum mechanics. Based on this connexion, and on the fact that P contains all the statistical information about the system's properties, P must represent the state of the system, in analogy with the quantum quasiprobability distributions such as the Q-, Wigner or P-functions. For a Hamiltonian system, the dynamics is governed by the Poisson bracket {., .}, and the time evolution of the average value of a random variable A is d t A(Q, P ) = dQdP {A(Q, P ), H}P(Q, P ) = − dQdP A(Q, P ){P(Q, P ), H} , (1) with (Q, P ) being the position and momentum. For the two descriptions to be equivalent for any random variable A, the time-evolution for P must obey d t P = −{P, H}. Note that the derivation holds for any kind of classical conjugate variables. The fact that d t P = −{P, H} preserves the normalization and positivity of P is shown in the Supplementary Information (SI).
Model-The dynamics of a pair of linearly coupled 1D harmonic oscillators can be modelled by the Hamiltonian
where (q, p) are respectively a scaled displacement and momentum, and g a coupling parameter. For simplicity, only the case of identical resonantor's frequency ω is considered. Note that any type of harmonic oscillators can be described by Eq.(2), provided that the relation between (q, p) and the physical variables is adjusted (e.g: for mechanical resonators, the physical displacement and momentum (Q, P ) are given by q = mω/2Q and P = √ 2mωp j , where m is the resonator mass). The time-evolution for P is
where
, T represents the transpose, and
When the frequency of the 2 resonators match, the eigenmodes of the system are given by the symmetric and antisymmetric combinations of the resonators' positions and momenta. Thus, making the change of variables z = Ry, where z T = (u − , v − , u + , v + ) and
with a ± = 1 ± g /ω, the time-evolution simplifies to
(6) Instead of using the static phase-space coordinates, Eq.(6) can be solved in the rotating frame, using the coordinates
With (U (t), V (t)), all the temporal evolution is encoded in these variables and Eq.(6) becomes ∂ t P = 0. In the weak-coupling regime g ≪ ω, the time-evolution of (q j (t), p j (t)) is given by
with an analogous relation for (q 2 , p 2 ), obtained by interchanging the indices 1 ↔ 2. Thus, the time-evolution of P is
Having solved the stochastic dynamics, it is now possible to analyze the stochastic effects. State-swap; Suppose that at t = 0, the state of the two resonators factorizes in a product of two probability distributions, each representing a single oscillator, i.e.
Using Eqs. (8) (9) (10) (11) , the state of the system after a period T (where ωT = 2π(n ± 1 /4) and gT = 2π(n ′ ∓ 1 /2), with n, n ′ ∈ Z) can be found to be
The meaning of Eq. (12) is that after a time T, the probability distribution for resonator 2 is the probability distribution of resonator 1 and vice-versa. Therefore, the statistics of any measurement of resonator 1 at t = T will faithfully reproduce the statistics of resonator 2 at t = 0. This implies that the state of resonator 1 has been swapped with the state of resonator 2, and this state-swap is a simple consequence of the interaction in a (classical) stochastic framework.
Squeezing; Whether working in a quantum or in a classical framework, measurement uncertainties are ultimately characterized by the variance. Another consequence of the interaction in a stochastic framework is that the quadratures' variance varies in time. Suppose that the initial state of the system is P (q 1 , p 1 , q 2 , p 2 , t = 0) = G(q 1 )G(q 2 )G(p 1 )G(p 2 ) , (13) where G(x) is a Gaussian probability distribution centred around the origin and with variance δ 2 . If only one of the resonators is measured (say resonator 1), then only the reduced probability distribution
is relevant. Using Eqs. (9-11) together with Eq. (14), the probability distribution for resonator 1 after n c oscillation cycles (i.e. ωt * = 2πn c ) is 
The reduction of a quadrature's variance while enlarging the variance of the other is what defines squeezing. What is physically observed is the uncertainty trade between conjugate variables (the quadratures in [1, 2, 5, 7] ), and these quadrature uncertainty changes are fully characterised by changes in the variance as displayed in Eq. (16) . Thus, squeezing is another consequence of the interaction in a stochastic framework, and for linear couplings, the degree of squeezing is the same as in the respective quantum theory. Although squeezing has been observed outside the quantum regime [16] , it is still believed that reducing the noise below the zero-point fluctuations signals the transition to the quantum realm. However, there is no classical limitation to squeezing and the zero-point threshold has no significance. The connexion between squeezing and quantum/nonclassical criteria is based on the negativity of the P-function [8] , but a negative Pfunction does not necessarily display nonclassical features [17] , and the claim of a quantum nature for squeezing is not based on physical observables. Entanglement; Entanglement refers to the property of a deterministic measurement outcome of A, once the random outcome of a previous measurement of B is known (with A and B observables of distinct elements). Though it often acquires unjustified spiritistic hues, its nature is a simple statistical property.
Consider the case where the initial state of resonator 1 is a Gaussian distribution of variance ̺ centred around the origin, while the state of resonator 2 is a precisely defined δ function at (q 2 , p 2 ) = (X, 0). After a time τ e = π/(2g), the state of the system is
where terms of the order g/ω were disregarded. The statistical properties between the random variables of the 2 resonators can be characterized by the Pearson correlation coefficient P CC(x, y) = CoV ar(x,y) σ(x)σ(y) , where σ(x) and CoV ar are respectively the standard deviation and the covariance. The P CC matrix for the probability distribution in Eq. (17) is displayed in Tab.I, where it can be seen that P CC = −1 for (q 1 , p 2 ) and (q 2 , p 1 ).
PCC(x,y) q1 q2 p1 p2 The anti-correlations in Tab. I are akin to the experimental entanglement measurements of [3] and their meaning is that when the system reaches the state in Eq. (17), if p 1 is measured, the outcome will be a completely random value, but once the measurement of p 1 is done, its momentum is determined, and the position of resonator 2 is automatically fixed. Thus, if the random outcome of measuring p 1 is P , then the outcome of measuring q 2 is X + P with absolute certainty (see Eq. (17)). Then p 1 and q 2 fulfill the condition to be considered entangled. The nature of entanglement between two random variables (x, y) arises from the fact that the probability distribution P(x, y) describing the state of the system cannot be factorized into P 1 (x)P 2 (y). Thus entanglement occurs because (x, y) are no longer independent random variables, and the origin of the loss of independence is the interaction between the resonators. An important consequence is that even if the interaction is turned off, and the resonators are separated miles away, as long as the state is not perturbed, the anti-correlations still persist. If the state of the system is entangled, performing a measurement in one of the resonators affects the measurement outcomes of the other, but the change in the outcome probability as a consequence of the measurement does not imply that a real change has taken place in the system, only that one has gained additional information about the system. Once the measurement is performed, there is a refinement of information over the state of the system, hence the correlations.
Entanglement has been experimentally tested, usually under the fashionable form of inequality violations. Some of these violations [3, [18] [19] [20] are based on the premise that if the product [21] or the sum [22, 23] of the variances of entangled variables is below the zero-point uncertainty, then the variables must be entangled. It also assumes that the entanglement criterion requires the negativity of a quasi-probability distribution [22] (the P-function in these cases), and because of that negativity, the measured correlations were deemed nonclassical [18] . One of such inequalities reads [23] :
For the state in Eq. (17), S = 2̺ 2 < 2 for ̺ < 1. Thus, not only can the inequality be violated in a classical context, but it can also be violated for disentangled pairs of quadratures ({q 1 , q 2 } and {p 1 , p 2 }). The meaning of Eq. (18) is that the sum of q 1 + q 2 with p 1 − p 2 is below the zero-point uncertainty, but since there is no minimum uncertainty in a classical framework, classical states with low variance can break this kind of inequalities, even for non-entangled quadratures. Inequalities derived solely from a quantum formalism give plenty of room for classical violations, which diminishes the meaning of certain type of inequalities' violations.
Application to classical systems; As shown above, squeezing, entanglement and state-swap can occur in classical systems. But are there any physical systems which can display these effects without having any quantum properties? The answer is affirmative and one example is liquid crystals. The free energy density F for cholesteric liquid crystals in the presence of a magnetic field H, and for equal splay, twist and bend elastic modulus K is [24] 
where n = cos ϕ sin θ e x + sin ϕ sin θ e y + cos θ e z is the director field, P 0 is the pitch of the cholesteric helix, and χ a is the difference between the parallel and perpendicular magnetic susceptibilities. For a director field varying along z, n(r) is determined by the minimization of the free energy , given by the equations
where U (θ, ϕ) ∝ χ a ( H. n) 2 is the effective potential created by the magnetic field (see S.I.). For χ a < 0 and
( e y + e z ), U (θ, ϕ) has a stable minimum around (θ = π/4, ϕ = π/2). Close to this point, the equations for (θ, ϕ) can be linearized, leading to
where θ = π/4 + q 1 , ϕ = π/2 + √ 2q 2 . Eqs. (22) (23) are analogous to two coupled harmonic oscillators, where the angular deviations from the potential minimum play the role of a displacement, and instead of a time-dynamics there is a spatial evolution along z. In this analogy, the initial state of the system corresponds to the director field distribution at the boundary. The origin for the harmonic behaviour is that if χ a < 0, it costs energy for the molecules to align with the magnetic field, while deviating from the neighbouring directors costs elastic energy. This leads to a spatial oscillation of the director, where the elastic and magnetic energies are exchanged along the z axis. Identifying p i ≡ ∂ z kq i , with k = H |χ a |/K, the solution to Eqs. (22) (23) and Eqs. (9) (10) are alike in the weak-coupling limit kP 0 ≫ 1, with the map (z, k, √ 2/P 0 ) → (t, ω, g) (see S.I.). Because the system is a many-particles system in thermal equilibrium, there are deviations from the director field that minimizes the energy. Treating these fluctuations requires the use of a statistical description as before, leading to the same effects discussed above. Since now q 1 couples to p 2 instead of q 2 (and vice-versa), the times for maximum squeezing, entanglement and state-swap are shifted, but the effects are identical. And because there is no actual dynamics and the entire system rests in thermal equilibrium, standard quantization techniques are not valid in this liquid crystal case (there is even a dimensional mismatch when introducing ). However, squeezing, entanglement and state-swap can occur, and the system can enter the "quantum" regime. Further, the mapping t → z in the liquid crystal scenario shields the system from the dissipation afflicting the dynamical case, which eases the observation of these effects.
To conclude, a classical stochastic framework was constructed to enable the quantum-classical comparison. By applying it to the case of two linearly coupled harmonic oscillators, it was shown that state-swap, squeezing and entanglement are not quantum effects an sich, but merely a product of the interaction in a stochastic framework. Consequently, these phenomena can occur in systems far from the quantum regime, and we predict their appearance in cholesteric liquid crystals. Thus, quantum claims based on these effects are, at best, a linguistic embellishment of the facta bruta, where the term "quantum" is but a redundant definite article. July 22, 2019 Construction and properties of a stochastic formalism
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The time evolution of the average value of a random variable A for a Hamiltonian system is governed by the Poisson bracket {., .}, leading to the equation of motion
As a description in terms of dynamic random variables must produce the same outcome as a description in terms of dynamic probability distributions, the time-evolution for the probability distribution must be d t P = −{P, H}. Note that although the derivation was carried for (Q, P ), the same holds for any kind of conjugate variables.
For P to represent a probability distribution governed by d t P = −{P, H}, the following properties must be satisfied: (1) the probability distribution remains normalized; (2) the probability distribution remains positive.
To prove (1) , let N (t) be the normalization of the probability distribution. The time-evolution for N (t) is d t N (t) = dP dQ d t P(Q, P, t) = dP dQ {P, H} = = − dP dQ P(∂ Q ∂ P H − ∂ P ∂ Q H) = 0 (2) where it was used that P must vanish at Q, P = ∞. If d t N (t) = 0 and if N (t = 0) = 1, then the probability distribution is normalized at all times. To prove (2), note that for the time-evolution to be governed by the Poisson bracket, P must be differentiable in all variables. Consequently, for a positive P to become negative at a given point in phase-space, it must reach 0 before it can take negative values. Let (Q 0 , P 0 ) be a point for which at t = 0, the probability distribution is nonnegative everywhere and P(Q 0 , P 0 , 0) = 0. Then (Q 0 , P 0 ) is a minimum, and ∂ P P| (Q 0 ,P 0 ,0) = ∂ Q P| (Q 0 ,P 0 ,0) = 0. Thus, for an arbitrarily small time-interval, P(Q 0 , P 0 , δt) = 1 2 d
Since (Q 0 , P 0 ) is a minimum, (∂ 2 Q P, ∂ 2 P P) ≥ 0, the Hessian matrix at (Q 0 , P 0 ) is positive semidefinite, and (∂ and it has minima for χ a < 0 at (θ, ϕ) = {(π/4, π/2), (3π/4, −π/2)}. Note that if the molecules have a reflexion symmetry along the plane perpendicular to n (such as rod or disc shaped molecules), then both minima correspond to the same physical configuration. Expanding Eqs. (7) (8) around the minimum (θ, ϕ) = (π/4, π/2) and keeping only the linear terms, one obtains
